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Abstract 

In this paper, we prove a priori estimates in Lagrangian coordinates for the equations of motion of an 
incompressible, inviscid, self-gravitating fluid with free boundary. The estimates show that on a finite time 
interval we control five derivatives of the fluid velocity and five and a half derivatives of the coordinates of 
the moving domain. 



1 Introduction. 

Let fit C R™ be the domain occupied by a fluid at time t € [0, T] and suppose that the fluid has velocity v(t, x) 
and pressure p(t, x) at a point x in Q t - For an inviscid, self-gravitating fluid these two quantities are related by 
Euler's equation 

(1.1) {d t + v%)v j = -djp-d j <l> 

in f2 4 , where di = J~ and v i — 8 l ^Vj and where <f> is the Newtonian gravity-potential defined by 

(1.2) 4>(t,x) = -xn t **(x) 

on f2 t , where xn t ^ s a function which takes the value 1 on fl t and the value on the complement of fit and where 
<£> is the fundamental solution to the Laplacean. Thus <\> satisfies A<j) = — 1 on f2 t . We can impose the condition 
that the fluid be incompressible by requiring that the fluid-velocity be divergence-free: 

(1.3) divu = dy = in Q, t . 

The absence of surface-tension is imposed with the following boundary condition: 

(1.4) p = on dQ t 

and to make the free-boundary move with the fluid-velocity, we have 

(1.5) dt + v % di is in the tangent-space of U te [o,r] [fit x {*}]• 

The problem is, then, to prove a priori estimates for v satisfying (|1.1|> - (|1.5|) in some interval [0,T], given the 
initial-conditions 

(1.6) v = vq on 

where vq and Oo are known. We will also assume that initially there is a constant cq such that 

(1.7) Vp ■ N < -c < on dfl 
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where N is the exterior unit normal to <9S1, (|1.7p is a natural physical condition since the pressure of a fluid 
has to be positive and the problem is ill-posed if this is not satisfied, see Ebin 1 . This condition is related to 
Rayleigh- Taylor instability. 

We will assume for simplicity that n, the number of space-dimensions, is 2. We will also assume that there is 
a volume-preserving diffeomorphism xq ■ SI — > Slo, where SI — {y £ R 2 : \y\ < 1}, which will allow us describe the 
derivatives which are tangential to Sl t in a particularly simple way, and it will also allow fractional derivatives 
to be defined by using Fourier series without recourse to partitions of unity. That part of the argument can be 
used, with minor modifications, in the case of arbitrary space dimension. The dimension will also allow simpler 
energy estimates because the curl of the velocity is conserved. 

Suppose now that v satisfies (jl.3p . We define Lagrangian coordinates as follows: Define x by 

dx 

(1.8) ~dt^' y ^ = v ( t ^ x ( t >y)) and x (°>y) = My) 

for y in SI and for t in some time interval [0, T]. Since v satisfies (ll.3[) and this means that 

f dx\ 

(1.9) d t det ( — J (t,y) =divvox{t,y) = 0. 

And since det f (0, y) = 1 we therefore have det (j&f) = 1 in f2. We will prove the following theorem: 

Theorem 1.1 Let v satisfy and il.3\) and let p satisfy |J.^[ ) and {1. 7| ). Let the flow x of v be defined by 

\1.8\) and define V(t,y) — v(t,x(t,y)). Define 

E(t) = sup [\\V\\ 6 + \\x\\ 5 . 5 + \\curl(v)\\ m . H n t) ] . 
[o,t] 

Then there is T > such that E(T) < P[E(0)] where P is a polynomial. 



1.1 Background. 

Past progress has been made in three situations: The first progress was made on the water-wave problem under 
the assumption that the fluid be irrotational — that is, the curl of the fluid- velocity is zero — , incompressible and 
that the free-boundary not be subject to surface-tension. Notable results in this area are Wu's papers [5] and [3] 
where she uses Clifford analysis to show well-posedness in two and then three dimensions in an infinitely deep 
fluid; and also Lannes' paper [4] where the Nash-Moser technique is used to prove well-posedness in arbitrary 
space-dimesions for a fluid of finite depth. 

In [5], Christodoulou and Lindblad proved a priori estimates for the incompressible Euler's equation, without 
the assumption of irrotationality. They were not sufficient to obtain the existence result, however, because 
no approximation-schemes was discovered which did not destroy the structure in the equations on which the 
estimates relied. In [6] Lindblad proved that the linearized equations are well-posed. In i7j Lindblad then used 
the Nash-Moser approximation scheme to obtain the full well-posedness. Well-posedness was also proved by 
Coutand and Shkoller in [8j, using a fixed-point argument which relies on smoothing the fluid- velocity only — 
crucially — in the direction tangential to the boundary. This is followed by energy estimates which we will 
discuss in detail in section 2] Also, in Shatah and Zeng prove a priori estimates under these conditions by 
considering Euler's equation as the geodesic equation on the group of volume-preserving diffeomorphisms. The 
latter two papers also consider the case of positive surface-tension. 



2 Preliminaries. 

We will let x be coordinates on fl t defined by (|1.8[) and let di,dj,dk, ■ ■ ■ be derivatives on fl t ; and we will let y 
be coordinates on SI and let d a , db, d c , . . . be derivatives on SI. Also, we will let V denote an arbitrary derivative 
on Sl t and d be an arbitrary derivative on SI. 
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2.1 Change of variables. 

Let Af(t,y) = ^o x(t,y) and let B* a (t,y) = §fe(t,y). By (DJJ) we see that det(B) = 1 and hence det(A) = 1 
as well in a time interval [0, T]. This means that x(t, •) : Q — > J7 t is a change of variables. 

2.2 Norms. 

Let / : — > R 2 . Define |/|| 2 = / n 5ijf t (y)f : >(y)dy and for an integer fc > we define 

11/112 =£iivw 

i=0 

where V = (t^ji, ap')- We define the intermediate spaces by interpolation, see for instance [TU] and [TT]. For a 
function : f2j — > R 2 , define llffll^m^ = / nt 5ijg l {x)g (x)dx and for an integer fc > define 

k 

NI^(n t )=El|V i [9]||^ t) 

i=0 

where V = (gfr, gfr)- Again, we define the intermediate spaces by interpolation. For a function h : <9£! t — > R 2 , 
define ||fc||ia (8nt ) = J aQt S^h^x)^ (x)dS{x) 

2.3 Special derivatives. 

In this paper, we will make use of two special derivatives. First we have derivatives which are tangential to the 
boundary: 

y a d b -y b d a for a, 6 -1,2 

where the summation convention is not employed. We will abuse notation and denote these derivatives and their 
push- forwards on fl t with dg. The second type of special derivative is defined as follows: Let / : f2 — > R 2 and 
let's abuse notation and write f(p,0) to mean the polar representation of /. Let fk(p)e lke be the tangential 
Fourier expansion of f(p, 9). We now define a tangential Sobolev- type-derivative {dg) s to be an operator which 
sends 

]T/ fe (p) e ^to 5>) s A(p)e 4fce , 

i 

where (fc) = [l + |fc| 2 ] 2 . For a function g on H t> define ||(9e) ;i [5]||L 2 (f2 t ) = II {do) s [9 ° x \ IU 2 (f2)- For integral s the 
operator (dg) 3 is equivalent (in the L 2 (S1)- and L 2 (i9f2)-norm) to the application of a collection of dg. Finally, 
for a function h : <9f2 t — > R 2 , define 

ll^lll.( 8nt ) = IIW^IIi a( « lt ) 

for a real number s. 

2.4 Cut-off functions. 

Fix do such that the normal TV to dVl t can be extended into the image of the set {y £ R 2 : 1 — e?o < \y\} under 
x. This fact is used in lemma [2~T1 which is presented in section [2~5l Let r)i and Q be radial functions which form 
a partition of unity subordinate to the sets {y £ R 2 : \y\ < 1 — and {y 6 R 2 : 1 — < |y|} respectively. 
This means that ^ takes the value 1 on the set {y £ R 2 : |y| < 1 — ^a} and Q takes the value 1 on the set 
{y 6 R 2 : 1 — || < |y|}. We will also let 7^ and Ci denote the analogous functions in the Eulerian frame. 
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2.5 Hodge-decomposition inequalities. 

In this section we present two divergence-curl estimates which are used throughout this text. The first allows 
point-wise control on all derivatives near the boundary of Q t by the divergence, the curl and tangential derivatives. 
Letting £ = £j we have the following: 

Lemma 2.1 Let a be a vector-field on fl t . Define (curla)jk = djCtk — dkCtj and diva = dja J . Then we have 
the following point-wise estimate on fit : 

(2.1) \(Va\ < \C,curla\ + \(diva\ + \(d e a\, 

where \ ■ \ denotes the usual Euclidean distance. 

Using lemma 12.11 and an induction argument we have the following lemma: 
Lemma 2.2 For 1 < s < 5, 



(2.2) \\{a\\ H s {nt) <P[\\x\\ 5 ] 



||Ca|U 2 (O t ) + \\(curla\\ H s-i (nt) + \\(diva\\ Hs -i {nt) + ^ ||C^a|| L 2 (0t) 

3 = 1 



We will also use the following estimates which allows H s (Vt t ) control in terms of the divergence, the curl and 
boundary derivatives: 

Lemma 2.3 Let diva and curia be defined as in lemma \B.l\ Then, for s < 5, 
(2.3) ||a|| ff . {no <P[||a;||5] H^(nO + 

+ \\((d e ) s -*a)-N\\ L 

where N is the outward unit normal to dflf Also, for s < 5, 

( 2 -4) |Hlff=(o t ) <-P[||a;||5] M|L 2 (si t ) + \\diva\\ H s-i^ + \\curla\\ H .-i^ t ) + 2 (dn t ) 
where Q is a unit vector which is tangent to dQf 

3 Elliptic estimates. 

In section @J we will prove energy estimates for (jl.lj) - (|1.7[) and to prepare for this, we need the elliptic estimates 
for p and <j) contained in this section. 

3.1 Estimates for 0. 

In this section we prove the following theorem: 

Theorem 3.1 || V0||/f-5(^ t ) < P[[[a;||5.5] , where P is a polynomial. 

Using the cut-off functions defined in section [2^41 we have || V^H^-s^^ < V0||#-5(n t ) + ||Ci^ 7 0llff 5 (n t )- This 
allows us to consider interior and boundary regularity separately. 
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3.1.1 Interior regularity. 

In this section we prove the following result: 

Theorem 3.2 For any 1 < i and 1 < s < 5 

(3.1) ||V%V0]|| i2(Ot ) <P[|M| 8 ] 

where P is a polynomial. 

We prove that ()3.ip holds by induction on s. Suppose that s — 0. We have H^V^H^n,) < ||??<||i,~(n t ) 
x l|V0|| L 2 (Ot) and 



(3.2) l|V</>||22 (0t) = / (d j( f>)(d : >^)dx= N 3 {d j( j3)(t)dx- Ac/)(j)dx. 

4 Jn t Jdn t Jn t 

Since we have ||</>||i«.(fi t ) < P[||x K ||2] and || V^H^oo^) < P[\\x K \\2\, we control both terms in (13. 2|) appropriately. 
This proves (|3.ip for s = 1. Now suppose that ,s = 5 and that we have the result for smaller s. Then 



(3.3) \\V b foVmUn t) = / • • ■ d^idjAW 1 ■ ■ ■ d^fod^^dx. 
Now, 

(3.4) d 11 . . . [■n i d j6 4>] = rn(d h . . . d^d l6 (t)) + ^(V fcl ^)(V fe2+ V) 



where the sum is over k\ + k 2 — 5 such that k 2 < 4. To control the second term in (|3.4[) we use the following 

In 

"i+i 

R 2 : \v\ < 1 - -■ 

i+i 

Lemma 3.3 For k 2 > 1 we have 



procedure: Let i\ — i. Suppose that we have found i%, . . . The support of V % is contained in the image 
under x of the set {y € R 2 : 1 - ^ < \y\ < 1 - Pick such that 1 - ^ < 1 - J^. Then rn l+1 takes the 

value 1 on the set {y g R 2 : \y\ < 1 - ^} and {y G R 2 : 1 - f < |y| < 1 - ^} C {y e R 2 : |y| < 1 - -^-}. 



(3.5) (V fcl % )(V fc ^) = ^(V^'JiJ^tfe,) • • • (V'-'r^XV^V^]) 

where the sum is over all I2 + . . . + in = &2 — 1/ where for instance if I2 = £/ie £erm V' 2 7/i 2 is taken to not be 
present in the sum; and where if l n = the term V'" [77^ V(/>] is taken to be r]i n \/(j). 

Proof: We prove this by induction on k 2 . For k 2 — 1 we have ( V fcl 77^ ) ( V^>) = ?7i 2 (V* 51 ^ )(V</>), which is of 
the correct form. Suppose that k 2 > 2 and that we have the result for smaller k 2 . Then 

(3.6) (V fcl nJi V fc2 0) = % (V fcl ?fe)(VN) 

(3.7) = (V^XV^fofeVfl) - (V^J Y, (V^XV^+V) 

(3.8) - (V fcl % )(V fc2 -% 2 V0]) 

(3.9) - (V fel % ) Yl E^ 1 ^)^ 7 ?^) • • ■ (V m '- 1 r, J „_ 1 )(V™" kV^]) 

Ji+I a =fca-1, h<k 2 -2 

which again is of the correct form. ■ 
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Integrating the first term in (|3.4[) by parts twice we have 

(% . . . n r [r H d h M8 j 'rH)(8 h ■ ■ ■ 9 h cf>)dx 



(3.10) 


- / 


■■dj 5 d je [r ]i d j(i (l)})r] i (d jl .. 


(3.11) 


= [ id h . 




(3.12) 


- / (% • 
./fi t 





fii 



where we can control the second and third term in (|3.1ip using lemma [3731 Also, d^ 6 [flidj e <j>] = (d^ e rii){dj B <(>) + r\i 
and therefore the first term in (|3. is equal to 

(3.13) / d h . . . <),, [(d j °r) i )(d h cj))}rii(& 1 ■ ■ ■ ^ i) r o)d.r + f i), ... <),. [^(0* . . . i>> i) r o)d.v 

The above terms in (|3 . 1 3(1 can be controlled using lemma [3~3l and the inductive hypothesis. This concludes the 
proof of proposition 13.21 

3.1.2 Boundary regularity. 

Let C denote &• We have V 2 [C</>] = (V 2 C) <j> + (VC)(V</>) + C (V 2 0) and VC is supported in {y e R 2 : 1 - d < 
\y\ < 1 - We can find i such that 1 - % < 1 - ^ and therefore {y £ R 2 : 1 - d < \y\ < 1 - ^} C {y e R 2 : 
\y\ < 1 - ^} where % takes the value 1. Thus (V()(V0) = ^(VOCV^) = (VC)(V[?7^]) - (VCXVift) 0, which 
we control by theorem 13.21 Thus we need only be concerned with £V s </>. In this section we prove the following 
result: 



Theorem 3.4 For 1 < s < 6 

(3.14) ||CV s 0||L 2( o t ) <P[\\x\\ 5 . 5 ] 
where P is a polynomial. 

Since integration by parts on f2 t will yield a boundary term which is difficult to deal with because dVl t is 
the complement of the singular support of <fi, we begin by expanding the region of integration: Define x = E(x) 
where E is the extension operator on f2 — see, for instance, [10] — and define V = dtx. Then both V and x are 
defined in all of R 2 and such that h s (r 2 ) < c ll a; ||ff a (fi) an d similarly for V. Define B l a — ^js- Then since 
det(B) = 1 on f2, we can choose do (possibly smaller than the one used before) so that x is a change of variables 
on (l = {y G R 2 : \y\ < 1 + do} and such that do is small enough that the normal N to cMl t can be extended 
into the region between dfl t and the boundary of &t — x(t, Q). This means that for every i, N can be extended 
into the support of £ on both sides of dilt- Let A be the inverse of B. We now define (j> as follows: 

(3.15) 4>(t, x) = -xn, * $0) for x in Q t 

where again <I> is the fundamental solution for the Laplacean. This means that on f2 t , we have </> = </> and 
therefore that <j> and <f> have the same regularity on f2 t . It also means that is smooth on dilt- Finally, let the 
norms on the extended domains f2 and fit be defined analogously to the norms on f2 and Qf 

Having extended the domain we now approximate <p: Let Xm denote a smooth radial function compactly 
supported in {y G R 2 : \y\ < 1+ ^}, which takes the value 1 on the set {y G R 2 : |y| < 1 — — }. This means that 
dgXm — 0. By an abuse of notation we will also let x.m denote the analogous function in the Eulerian frame. 
Define 4>m{t, x) — ~Xm * for x in Sl t . We now show that the approximations converge to </>. 



Lemma 3.5 ||V0 m - V<£|| i2( n t ) < 4Xm - Xfi t |lz,2 ( n t )- 
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Proof: From (|3.15|) it is clear that <f> is in i/ 1 (O t ) so integration by parts is justified. Similarly, for <fi m . Now, 



(3.16) ||V0 m - V4>\\l 2{ n t ) = i ~ d M dJ ^ ~ d3( t>)dx 

(3.17) = f N^d 3 4> m - d 3 4>)(4> m - 4>)dS{x) - [ ( Xm - Xn t )(4>m - ~4>)dx. 

Jdtit Jn t 

To control the first term in (|3.17p we note that there is S > such that dist(cW! t , dilt) > S. This means that for 
all x on dQt and for all z in f2 t we have la; — z\ > 5. Hence for x on dflt, 



\W<p m {x)-W(j>{x)\ < / \ Xm {z) - X n t {z)W {\x ~ z\)dz < \\Xm-Xn t \\ L 2 { n t y 

Also for x in dti t and for x in fl u \4> m (x) - 4>(x)\ < \\x m ~ Xn t \\ L 2(n t) \\${\x ~ •|)ll L 2 ( Q t) < c\\ Xm - Xn t \\ L 2 { n t) , so 
we can control the first and second term in (|3.17[) appropriately. ■ 

Lemma [33] also shows that \\(\7<j) m - CV0|| L2( n t ) < ^[INIh] \\Xm ~ Xn t || L2 (n t) . Let ^m,n = 4>m ~ 4>n and 
let Xm,n = Xm — Xn- We will now prove the following proposition which shows that (£V9gV(/) m ) is a Cauchy 
sequence in L 2 {VL t )- 

Proposition 3.6 For < j < 4, we have 

(3-18) ||CV^V0 m ,„|| i2(nt ) < P[\\x\\ 5 . 5 ] ||x m ,„|| L 4 ( n t) , 

We begin by proving a lemma which says that we need only be concerned with tangential derivatives: 
Lemma 3.7 Let f satisfy A/ — g in fl t where dgg = 0. Then for < j < 4, 

j+i 

(3-19) llCV^V/]] L2( o t) < P[\\x\\ 5 . 5 ] £ IIC^v/IL^o + h\\mn t) 

k=Q 

and for < j < 2 we have 

i+2 

(3-20) llCV^'V/||^ (flt) < P[||»||6. 6 ] E IIC^V/H^^) + ||.g|| L 4 (f2t) . 

fc=0 

Proof: We prove this result by induction. For j — we have |iCV 2 /|| L 2(f 2t ) < IICA/Ili,2(n t ) + HC^V/H^^, 
by lemma I2.1[ which is of the right form. Now suppose that 1 < j < 2 and that we have (|3.19|) for smaller 
j. Then ||CV9|V/|| i2(At) < ||fdiv^V/|| £a(flt) + |Kcurl^V/|| La(ftt) + ||C^ +1 V/|| i2( ^ t) . Now (div^V/ = 
C9gA/ + XXde^XCVdgV/) where the sum is over k + l = j such that I < j - 1 < 1. Since <9^A/ = 0, we 
have ||Cdiv<9gV/|| i2 (f2 t ) < P[||x||5] \\C^d l e \7 f\\ L2 ^^ which we control by induction. Similarly, we also control 
||Ccurl^'V/|| i2(At) . For j = we have 

(3-21) IICV^V/H^^) < |b|| L « (flt) + [[C*V/|[ i4(fit) 

(3-22) < \\g\\ LH n t) + \\CdeVf\\ Hl(ht) 

(3-23) < P[||x|| 5 .5] {\\g\\ LH n t) + IIC^V/IIl^) 

using Sobolev's inequality and theorem 13.21 Thus we have (|3.20[) for j = 0. Now suppose that j = 3. Then 
for < k < 2 we have \\(d$A)((Vd l e V f)\\ L 2^ t) < IMMICV^V/H^^ and for k = 3 we have I = and 
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W(dgA)((VdgVf)\\ L 2fQ t ) < H^e^llL4(f2 t )IIC^ 2 /llL4(f2 t ), both of which we control appropriately. Now we can 
prove (|3.20[) for j = 1 and using that result we can prove (|3.19[) for j = 4. And using that result we prove (|3.20p 
for j = 2. M 

Using lemma l3~7l we see that it is enough to control ||C^eV^ m ,n||x,2(n t ) appropriately for < j < 5 which is 
the content of the following proposition: 

Proposition 3.8 For < j < 5 we have 

(3.24) HC^V<L,Jl i2( n t) < P[\\x\k 5 ] \\Xm,n\\mn t) - 

Proof: We prove that (|3.24[) holds by induction on the order. To start the induction we have the analogue of 
lemma [3~51 Now we suppose that we have j • = 5 and suppose that we have already have appropriate control of 
the lower order cases of (|3.24p . We have 

k ",l",",n.i, M^c"'' 1 ' ' 



(3.25) IIC^v^j 2 ^ = / ((d 5 e d. l( f> m , n )(Cd J e d^ mtn )dx 



(3.26) = / (Cdld^nXC&dl^.^dx - / (C3 e 5 ft0 m ,„)(5 i 9 e 5 x')(C5z0 m , n )dx 

Jd t Jn t 

(3.27) +J2 f (C^ 5 V0 min )(V^ 1 a; )...(V^- 1 x)(C^V0 m ,„)dx 

J(i t 

where l± + . . . + l s = 5 and h, . . . , l s < 4. For ii, . . . , l s -i < 2 we control the third term in (|3.26[) by 
-Ppl^lls] HC | 9|V^ m , I i|| L 2(f2 t )||C5e s V0 mi „|j i 2(s : 2 t ), which we control by induction. Suppose that 3 < l\ < 4. Then 
H^^^Il 4 ^) — H^c |[ 5.5 ; and I2, ■ ■ ■ , l s -i < 2, so we control the other terms containing x. We also have < l s < 2 
and therefore HC^^^m.nll^^) — llCVSg'V^m.nllwn a, which we control appropriately by lemma |3"771 Thus 
we control the third term in (|3.26|) . Integrating the first two terms in (|3.26p by parts gives 



(3.28) / (C$dit m , n )(dlx l )(Cd i di4 m ,n)dx- , S2 {td l dld^ m , n ){d£x){tdtfV^ m , n )dx 

(3.29) + Y, f_ (N'dld^.n^x^V&n^dSix) 

Jn t 

where the sums are over all j\ = 5 such that < 4. Here we are ignoring the terms which arise from the 

derivative falling on £ because in this case we can use theorem 13.21 We control the first term in (|3.28|) . Also, 

(3.30) (d l dld t 4> m , n = (V9 e 5 x)(CV 2 ^ m ,„) + J2(y d x ) ■ ■ ■ (V^ 3 - 1 x)(CV^ V<£ m ,„) 

where l\ + . . . + l s — 5 and 1%, . . . , l s < 4, since dg A</> TOj „ = 0. For 1%, . . . , l s -i < 2 we control the second term 
in (|3.30p appropriately by lemma [3~71 If 3 < l\ < 4 then we control Vd^x as before and < I2, ■ ■ ■ , l s -i < 2 
so we can control the other terms containing x in L°°((lt). We also have < l s < 2 so we can control 
|CV9g s V0 mj „|| L 4^ t - ) by lemma [3~71 We therefore control the second term in (|3.30p . Let us now consider the 
first term in (|3.30p : Commute one dg to the outside to obtain, in addition to a lower order term, 

(3.31) / (d e Wdtx)(CW 2 ^ m ,n)(4' X )(C4 2 ^rn,n)dx = - f ( Vdfa) ((d 6 V 2 m ,„) (df x) ((d^ 2 V4> m , n )dx 

Jn t Jn t 

(3.32) - / (Vdtx)(CV 2 4> m . n )(dl 1+1 x)((d^V4> m , n )dx 

(3.33) - / (Va 9 4 x)(CV 2 m ,„)(^ 1 x)(C^ 2+1 V^ m , n )dx 
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where no boundary terms arise because the components of dg are orthogonal to the normal on dtt t - In all of 
the terms in (|3 . 3 1[) we control the first two factors in each integrand using lemma 13.71 In the second term in 
(I3.3ip we also have, for j t < 2, ||(^ 1+1 x)(C^ 2 V0 m ,„)|| i2( ^ ) 

< IMl5||C<9e 2 V</> m ,„|| L 2(n t) which we control. For 
3 < ji < 4 we have 1 < fa < 2 and therefore we control the second term in (|3.31[) in this case also. The third 
term in (|3.31[) follows similarly. 

Now we control the boundary term in ()3.28|) : 

(3.34) V f (d^x) . . . (d^x)(d t d kl . . . d k .^ m , n )N i (a^x) . . . {d l e 'x){d h . . . diJ m , n )dS{x) 

Jdflt 

where the sum is over ki + . . . + fc s = 5 and l\ + . . . + / s = 5 such that li, . . . ,l a < 4. As was mentioned above, 
there is S > such that for all x on 9f2 t and z in Q t we have \x — z\ > S. Therefore |V s ^ TOjn (a;)| < IIXfn.nll.Larfjj)- 
The highest order term of the above terms is 

(3.35) / (dlx){V^ n )N{djx){d e x){V 2 ^ m . n )dS{x) 

Jdht 

which is controlled by P[||a;||5.5] using the trace theorem. This concludes the proof. ■ 

By lemma [3~71 therefore, we have proposition 13.61 which means that (£V9o V</> m )™ =1 is a Cauchy sequence 
in I/ 2 (£l t ), for < j < 4. This means that CVdgWc/) m — > (VdgVcf) in L 2 (S! t ). From lemma |3~T1 and proposition 

l3~8lwe have HCV^V^toH^^) < P[||x|| 5 . 5 ], for < j < 4 and therefore have ||CV^'V0|| i2( n t) < J 3 || 5 . 5 ] and 
hence 

(3.36) ||V^V<£|U 2( n t )<P[|N|5.5], 

for < j < 4. From now on we no longer consider the extended domain; all norms are now the usual, non- 
extended, norms. 

Lemma 3.9 Let f satisfy Af = g in f2 t where dgg = d r g = on Q t - Writing d to denote both dg and d r we 
have 

(3.37) ||CV#V/|| La(nt) < P[||a:|| 6 ] £ \Kd e d k Vf\\ LHQi) + \\g\\ LHQt) 

k=0 

for < j < 4; and for < j < 2 we have 

(3.38) HCWV/IU^) < P[\\x\\ 5 ] \Kd 2 gd k Vf\\ LHnt) + \\g\\ L ~ {Qt) . 

k=Q 

Proof: We prove this result by induction. For j = we have ||£V 2 /||,L2(Q t ) < ||CA/|| L 2 (slt) + ||C^ V/IU 3 (U t ), 
by lemma 12.11 which is of the right form. Now suppose that 1 < j < 2 and that we have (|3.19[) for smaller 
j. Then |CV^V/| < |Cdivc)JV/| + |Ccurl0»'V/| + \(dgd^f\. Now Cdiv^'V/ = C<9 J A/ + 52(d k A){(Vd l V/) 
where the sum is over k + I = j such that I < j — 1 < 1. Since & Af = 0, we have ||Cdiv<9 J Vf\\L 2 (n t ) < 
P[ll ;E ll5]||CV9 / V/||i2(Q t ) which we control by induction. Similarly, we also control ||Ccurl<9 J 'S7 f\\L 2 (n t )- F° r 
j = we have 

(3.39) ||CV#V/|U=a (no < ||5|U- (nt) + HCWIU-cnt) 

(3.40) < \\g\\ L ~ m + ||CVaa V/]U 2( n t) 

(3.41) < P[\\x\\ B ] [\\gh-w + ||C^ 2 V/|| L2(f2t) ] 
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using Sobolev's inequality and lemma 13.71 Thus we have (|3.20[) for j = 0. Now suppose that j = 3. Then 
for < k < 2 we have \\(d k A)(CWd l Wf)\\ L 2 ( a t) < \\x\\ 5 \\(Vd l V/|| L 2 (0t) and for k = 3 we have I = and 
||(9 fc A)(CVa i V/)|| L 2 (nt) < ||<9 3 A|| L 2 (0t) ||(V 2 /|| L oo (nt) , b oth o f which we control appropriately. Now w e can 
prove p.20p for j = 1 and using that result we can prove (|3.19p for j = 4. And using that result we prove (|3.20|) 
for j = 2. ■ 

Using lemma 13791 and an induction argument we control ||(V s 0||L 2 (n t ) for < s < 5 and hence we obtain 
theorem 13.11 ■ 



3.2 Estimates for p. 

Taking the divergence of Ql.lj) we see that p satisfies Ap = 
have the following: 

Proposition 3.10 For all i > 1 we have 



—(divi){djV % ) + 1 on fl t and p = on Sf^. Thus we 



(3-42) UVpWhh^) < P[\\x\\ 6 , \\V\\ 5 ] 

and 

(3-43) l|Vp|| ff . ( n t ) < Ppklls, ||y|| 4 ] 

/or < j < 4. Moreover, we have 

(3-44) ||Vp[[ H «-»(no < P[\\x\\ B . 6 , \\V\\ 4 . 5 ] 

and 

(3.45) ||Vp|| fl » (nt) <P[||x|| 5 .B, ||V|| B ] 

where p = dtp. 

Proof: The estimate p.42j) follows similarly to theorem 13.21 The estimates (|3.43p and (|3.44p follow similarly 
to theorem 13. II The estimate (|3. 451) follows similarly to theorem 13. II using theorem 13. II and (|3.43p above. For a 
detailed explanation of these proofs, see [12]. ■ 



4 Energy estimates. 

Finally, we are ready to prove the energy estimate in theorcm ll.il We control \\V\\5 using lemma |2~21 and lemma 
12.31 together with E\ and E 2 below: Let 

(4-1) E 1 (t) = \\Cd$v\\l 2(nt) + \\r,vf H5{nt) 

and E2{t) — ||curl(w)||jj4.5(f2 t ), where Q = £i is the cut-off function supported near the boundary of fit and 
r) = r/i is the cut-off function supported in the interior of fit, as defined in section [2. 41 Note that we will ignore 
terms which arise from the derivative falling on the cut-off function because these terms will be of lower order. 
To build regularity for 1 1 £c 1 1 5 . s we use lemma |2~31 together with E3 and E4 below: Let 



(4.2) 



Es(t)= [ (~Vp-N)[(d 5 g x)-N] 2 dS(x), 

JdQ t 
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where N is the external unit normal to dVl t . Note that the term in (|4.2p should read J dn (— Vp-iV) [(dgx) ox 1 • iV] 
dS(x), but in the interest of creating tidy computations we will hereinafter omit some terms — such as the 'ox -1 ' 
above — which are not crucial to understanding the argument. And let 



E 4 (t) = ||div [dx]f H3 . 



6 (fi t ) 



rl [9a:] || 



ff 3B (n t ) 



where div [dx] = di[{dx r ) ox 1 ] and d is an arbitrary derivative in the Lagrangian frame. We now explain 
how £3 and E4 will be used to bound 1 1 re 1 1 g .5 . Let ^2x k e lke be the tangential Fourier expansion of x. Then 
{(d e ) 5 x) ■ N = £(fc) 5 x fc ■ Ne ikB and {d 3 g x) ■ N = J2(ik) j x k ■ Ne lke . Therefore 

(4.3) \\((de) 5 x) ■ N\\ 2 LHdnt) < ^(fc) 10 |x fc • Af < ]T \*k ■ A| 2 + £ fc 2 |x fc • Af . . . + £ k w \x k ■ A| 2 
and 

(4.4) 5> 2j |x fc -Af< \\(ff g x)-N\ 



\l 2 (dn t 



Using the trace theorem and the fact that x(t, y) = y + f, Q f i V(s, y)ds we control the terms with < j < 4. For 
the highest order term we have 



(4.5) 



\(d 5 e x)-N\ 



L 2 (dn t 



f [(d 5 e x) ■ N] 2 dS(x) < — [ (-Vp • N) [(dlx) ■ N] 2 dS(x) < —. 



Using E4 we control ||div [dx] \\ H3 .5/q\ and ||curl [9x]||^- 3 .5(n t )) an d therefore, from lemma POl we have, by (|4.5j) . 

Ei 



(4.6) 



ll^^||^. 5(Qt) <P[||x|| 5 ] 



E 4 



co 



This means that we similarly control H^ec^H jj3.5(n t ) an d therefore ||&£||#4(gn t )- Hence we control ||<9x|| 2 5 and 
therefore llaHU.s. 



4.1 Almost Ei. 

The time derivative of E% is equal to 

(4.7) -2 / (Cd 9 V)(Cdf%>)dx - 2 f (Cdlv^iCdld^dx - 2 / ( V dlv t )((d 5 e d tP )dx-2 f {^v^dld^dx 
Jo t Jn f Jrit Jrit 

using (jl.ip . Using proposition 13 . 21 and (|3.42[) from proposition 13 . 101 we control the third and fourth term in (|4.7|l . 
The second term in (|4. T[) can be controlled using theorem 13.41 It now remains to control the first term in (|4.7|l . 
We will deal with this term in section [4.3.11 



4.2 £ 2 . 

We have [c^c^x 3 = — (diV^) and therefore 

(4.8) 9 t curl («) = didtvi - d 2 d t vi - (cW)(c^ 2 ) + {d 2 v k ){d k v 1 ) 

(4.9) = -(d 1 v 1 )(d 1 v 2 )(d 1 v2)(d2v 2 ) + (02Ui)(#iUi) + (0 2 « 2 )(<9 2 ui) 

(4.10) = -(ai« 2 )[(9 1 ui) + (a 2 « 2 )] + (d 2 v 1 )[(d 1 vi) + (d 2 v 2 )] 

(4.11) = -curl (u)div (v) 

(4.12) =0. 



Thus curl(u)(t) = curl(w)(0) and therefore ||curl (v) Wll# 4 - 5 (n t ) = |curl (v)(0)\\H^(n t )- 
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4.3 E 3 . 

The time derivative of E3 is equal to 

(4.13) f d t \V P \ [(d 5 e x) ■ N] 2 dS(x) + 2 f \Wp\ [(dlx) ■ (d t N)] [(d 5 e x) ■ N] dS(x) 

Jdn t Jdn t 

(4.14) + 2 f \Vp\ [{d t dlx) ■ N] [{dlx) ■ N] dS(x). 

Jdflt 

In (14.13|) we control the first and second term. Using the fact that = -Nj on the third term in (|4.13[) we 
have 

(4.15) -2 f (dlv^Niidlx^id^dSix) = -2 f {a i d$v i )(d$x>)(d j p)dx-2 [ (dlv l )(dtd 5 e x^(d 3 p)dx 

(4.16) -2 f (dlv^idlx^&d^dx 

using the divergence theorem. We control the third term in (|4. 1 5|) . In the first term in (|4.15p we commute a dg 
outside the di this generates a lower order term and also 

(4.17) -2 / (^^^x^)^)^ < iKa^^^^HiKcf^icc^l^cvp)]!! 

using lemma [A~4l By lemma POl and the fact that div [v] — 0, we can control the above. The second term in 
(|4.15j) remains. We deal with this term in the next section. 

4.3.1 The rest. 

Combining the first term from ()4.7|) and the second term from (14.151) gives 



(4.18) 



= -2 f (Cd 5 e v t )mdlp)dx + 2^2 I e{dlv){Vd k ^x)...{Wd k e '- 1 x){d k 9 'Vp) 
where ki + . . . + k s = 5 and hi, ■ . ■ , k s < 4. In the first term in (|4.18p we integrate by parts to obtain 
(4.19) / (C^V)(C^)dx. 



Again, we integrate half of one of the dg from divert; to the other side. The result can be controlled by 
(|3.44[) from proposition 13.101 and an argument from above. We can control the sum in (j4. 1 8[) using (|3.43[) from 
proposition 13.101 

4.4 £ 4 . 

First we deal with the divergence term. We have 

(4.20) <9 t div [dx] = {Vv){d 2 x) + div [d t dx] = (Vv)(d 2 x) + Vdivu. 

Therefore we have an equation of the form dtf = g. Since H 3 - 5 (£l t ) is an algebra, we control the first term in 
(|4.20jl by |[ [4.5 1 [a^ || 5.5 - We now consider two time derivatives on curl [dx]: 

(4.21) a t 2 curl[9x] = d t [(Vv)(d 2 x) + curl<9 f [dx]] 

(4.22) = d t [(Vv)(d 2 x)] + (Vv)(V 2 v) + curia 2 [dx] 

(4.23) = d t [(Vv)(d 2 x)] - (X7d t v)(d 2 x) + (dx)(dd 2 x) 
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since curl<9 4 2 a; = 0. Equation (|4.23|) is of the form d t [(d t f) — g] = h. Integrating with respect to time once yields 
(dtf)(t) — (<9f/)(0) + g(t) — g(0) + Jj Q t j h(u)du. Another integration with respect to time again gives 



(4.24) 



/(*) = /(0) + t(d t f)(0)+ I g(u)du-tg(0)+ / h(ui)duidu 2 . 

'[0,t] J[0,t] J[0,u 2 ] 



Here / = curl [dx] so we control /(0) and (dtf)(0)- We have already seen that we can control the first term 
in (|4.23p . The second term in (|4.23p can be controlled using the fact that H 3 - 5 (tt t ) is an algebra, (|3.44p from 
proposition 13.101 and theorem 13. II 



A Properties of (de). 

In this section we prove a result concerning how (dg)i acts on a product and also an integration by parts type 
result. 

Lemma A.l Let f and g be functions on Q. Then \\{d e )^[fg] - (d g )?{f]g\\ 2 < c||/|| 2 ||(<9 }l? +a g|| 2 for a > \. 

Proof: Let fk(p)e lke and gi(p)e be tangential Fourier expansions of f(p,9) and g(p,9) respectively. 
Then 



k-\-l—m 



fc l rn 

and therefore 

(A.l) W*t/«/] = X>>* 

m 

where (m) = [1 + |m| 2 ]^. Also (de)i[f] = ^2 k (k)i fke lke and therefore 



Am6 



X f k 9i 

,k-\-l—m 



(A.2) 



X < k ) h f> 



kg i 



.k+l—m 



The difference between (jA.ll) and (jA.2|) is 

(A.3) X X [i k + 1 ^- (k) h ]hgie l 

m k+l=m 

We can control this using the following lemma. 
Lemma A. 2 Let k and I be points in Z. Then 

(jfc + i)' -(*)*| <c(l)i, 

where c is a constant. 

Proof: Suppose that k and I are such that < \k\ < \l\. Then 
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Now suppose that k and I are such that < |Z| < \k\. Then 

(1 + {k + l)(k + 
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(l + fc 2 )i 



- 1 



= (ky- 
= (ky 



1 + k 2 + 2kl 
1 + fc 2 



2kl + l 2 \ 4 

1 + TTf' 1 



Define /(.t) = (1 + x)* — 1. Then there is a constant c which bounds t^i, for all x in (—4,4). Therefore, 
(A.4) (fc)3 



nx i2kl + l 2 n^(k)(l) + (l) 2 (I) 



Since III < \k\, > 1, from where the result follows. 

(1)2 



And from lemma [A~2l we see that (|A.3[) can be estimated in L 2 (Q.) by 



(A.5) 



E 



m \_k+l=m 



E <i>*$£lMM 



^E 



^ (Z) 2 (5+«) 



Iff; 



E (o- 2 ia 



Since 53(0 2 ° i s convergent for 2a > 1 we must have a > h. This proves lemma |A~T1 ■ 

From this proof we also have the following result: 
Corollary A. 3 Let f and g be functions on dfl. Then 

(A.6) \\(de)Hfg]-(do) 1 mg\\ 2 L2{m) < c||/||| 2(ao) ||(a e }^ a 5 ||i 2(an) 

for a > h . 

Lemma A. 4 Let f and g be functions on ft. and let ( , ) be the L 2 (Q) -inner product, then 
\(f,d 8 g)\<4{d 8 )if\\\\{d d )hg\\. 

Proof: Let ^ fk(p)e tke and ^gi{p)e lW be tangential Fourier expansions of f(p,9) and g(p,0) respectively. 
Then 



(A.7) 

(A.8) 
(A.9) 



\(f,deg)\ = 



< 



o Jo 
1 



f{p,o)g{p,e) P dpde 



< IIWVIIIIW^I 



B Hodge-decomposition inequalities. 



In this section we prove the results whose proofs were omitted in the body of the text. We begin with a lemma 
which says that in the support of £ we can control all derivatives by the curl the divergence and a tangential 
derivative. 
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Lemma B.l Let a be a vector-field on fl t . Define (curia) jk = d 3 a k — d k a 3 and diva = d 3 a? . Then we have 
the following pointwise estimate on Q t : 

(B.l) |CVa| < \C,curla\ + \(dwa\ + \(d e a\, 

where \ ■ \ denotes the usual Euclidean distance. 

Proof: Here we will suppress the index on £, letting it be denoted simply by £. Define (def a)j k = d 3 a k + dkaj. 
Thus 2Va = curia + def a. Let (3 = diag(<9iai, . . . , d n a n ) and define 7 = £defa — (/3. Then \(Va\ < 
|£curla + |Cdiva| + |7|. It remains to control 7. Also define 

(B.2) Q jk = S lk - N j N k , 

the projection onto tangential vector-fields. Hence 

| 7 | 2 = 5^5 kl likljl 

= (Q« + N*Ni) (Q kl + N k N l ) likljl 

= Q ij Q kl liklji + Q ij N k NSkloi + N l NiQ kl llkljl 
+ N l N'N k N l llkl3i . 

Since 7 is symmetric, N i N j Q kl j ik j 3 i = Q l] N k N l ^ ik ^ 3 i. Also, 

(B.3) WWN k N l llkl]l = [N l N k ltk ] 2 = [V k llk - Q lk ltk ] 2 = [Q lk llk ] 2 < Q ij Q kl ~fik1ji, 

since for a symmetric matrix M we have [Tr(M)] 2 < cTr(M 2 ). From (|B.3() . 

Q ij Q kl Hklji + Q ij N k N l j ikljl + N i N j Q kl likljl + N l WN k N l llkl3l 

< Q lJ Q kl %kl 3 i + 2Q ij N k N l j ik j j i + cQ^Q kl llkl] i 

< 2cQ^{Q kl +N k N l ) llkl3 i 
= 2cQ ij 6 kl 7ik -y jl . 

Using the fact that 7 = £def a — (,(3 we have 

(B.4) Q ij 5 kl likljl = Q l i8 kl {t&eia) lk {C&efa) 0l + QV6 kl ((dei a) ik Cf3 fl + Q 11 S kl Cf3 lk (Cdeia) 3 , + Q ij 8 kl ik (H3 jl 

where the second and third term can be controlled by e|CVa| 2 + ^ ICdiv a\ 2 and the fourth term can be controlled 
by |£diva| 2 . The first term in (|B.4[) can be controlled as follows: 

(B.5) Q«S w (Cdefa) ifc (Cdefa), 7 = Q^Cfta* + + (fyaj) 

(B.6) = Q l '8 kl ((:d l a k ){Cd 3 a l ) + Q»5 kl {Cd l a k )(Qd l a 3 ) 

(B.7) + Q l ^ k \td k a t ){Cd 3 a l ) + Q l i5 k \Cd k a i )((;d l a 3 ). 

Let V 4 Q = Q ij dj. Since Q» = 5 mn Q lm Q jn , the first term in (|BT6|) can be bounded by |CV Q [a]| 2 . The second 
and third term in (|B.6[) can be bounded by £|£Va| 2 + i|£VQ[a]| 2 . The fourth term we manipulate as follows: 

Q^S kl (Cd k a t ){(d l a 3 ) = 5 mn Q™(td k a % )Q n i{td k a 3 ) and" 

(B.8) Q ml (Cd k a t ) = Q m \Cd l a k ) + Q m [Cd k a l -Cd l a k ] 

(B.9) = (V^[a k }+Q ml ((cuT\a) kl . 

Thus the fourth term in (|B.6[) can be controlled by (1 + ^)|CVq[q;]| 2 + |Ccurla| 2 + e|£Va| 2 . This concludes the 
proof. ■ 



From lemma IB .11 we have the following result: 
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(B.10) \\(a\\ H s (nt) <P[\\x\\ 5 ] 



IIC"ll£»(no + \Kcurla\\ H s-x (Qt) + \\(diva\\ H s-i( nt) + ^ ||C^«IU»(n t ) 

3=1 



Proof: The base case is when s = 1 we have on according to lemma |B~T1 ||£Vor|| < ||^curla|| L 2 (£it) + 
||^diva||i2(Q f ) + ||C^e c ' ! lli 2 (nt)) which means that (|B.10|) holds. Now suppose that s = 5 and that we have the 
result for smaller s. Then, by lemma IBTTl we see that 

(B.ll) ||CV 5 a|| L 2 (nt) < ||Ccurla|| ff 4 ( ^ t) + ||Cdiva[| m(n t ) + 110% V a\\ L 2^ t y 

To manipulate the second to last term in (|B. 1 1[) we write 

(B.12) CV 4 <9 e a - C<9 V 4 a = ^(V J 'd e aO(CV fe+1 a) 

summing over j + k = A such that k < 3. For < j < 2 we have || V- J 9e^||L°°(n t ) < \\ x \\5 and we con- 
trol ||CV fc+1 a||i2(n t ) by induction. For 3 < j < 4 we have dex\\ L 2 (nt) < \\x\\ 5 and ||CV 2 a|| L o= (0t) < 
-^flNlsH] IIC a ll-f/ 4 (n t ) by Sobolev's inequality. This we control by induction. Now 

(B.13) ||CV 4 a e «|| L2(0t ) < \\Ccm\V 3 dga\\ L 2 {nt) + ||Cdiv V 3 d e a\\ L 2 [Qt) + \\Cd e V 3 d e a\\ LH n t ) 

(B.14) < ||CV 3 [(V9 e x)(Va)]|| i2(0t ) + ||CV 3 d e curla|| i2(0t ) + ||CV 3 9 div a|| i2(0t ) 

(B.15) +\\Cd e V 3 d e a\\ LHnt) . 

The first term in (|B.14|) is controlled by 

(B.16) J2\\(^ +1 d e x)(tV k+1 a)\\ LHQt) 

where the sums is over j + k = 3. This term can be controlled by ||a;||5||C c Hlif 4 (n t )- We control the second term 
in (jRTIf by 



(B.17) 



$3l|(V J fcaO(CV* +1 curla)|| z 



2 (n t ) 



where the sum is over j + k — 3. We control this term by 1 1 1 1 5 1 1 C cur l 1 1 jt 4 (f2t ) - Similarly for the third term in 

■ fHTl . ■ 

In this section we prove the following lemma. 
Lemma B.3 Let diva and curia be defined as in lemma XB.l\ Then, for s < 5, 

(B.18) \\a\\ H s {nt) < P[\\x\\ 5 ] [||a|| L 2 ( n t) + \\diva\\ H .-i {at) + \\curia\\ H .- Hat) + \\({dg) s ~?a) ■ N\\ L 2 {ant 
where N is the outward unit normal to dflt and where p(s) is a polynomial which depends on s. Also, for s < 5, 
(B.19) \\a\\ Hs{nt) < P[\\x\\ s ] [|M| L2(0t) + \\diva\\ H ,- HQt) + \\curla\\ H .- Hat) + \\({d g )^^a) ■ Q\\man t ) 
where Q is a unit vector which is tangent to dQ t - 

Proof: First we prove (IB~T8l) and (fB~T9j) for s = 1, then we will use lemma IB. 21 to obtain the higher order 
results. Finally, we will use interpolation to obtain the result for real s. Now 



(B.20) 



IVal 



L 2 (n t ) 



djaid J a l dx= / aiNjd 3 a l dS(x) — (a, Aa)u t 

Jdflt 



B HODGE-DECOMPOSITION INEQUALITIES. 17 

where we define (a, Aa)sj t = J Q ctidjd 3 a l dx. And 

(B.21) 



-(a, Aa)n t = — / ot% [d^&'aj + djePo? — d % &aj\ dx = I a. t — 9Miv a + d 3 '(curl a) % - 



dx 



(B.22) =-/ N t a l divadS(x)+ [ [diva} 2 dx+[ a t N 3 {curl a)) dS(x) - [ d j ai (curl a)) dx. 

Also, 

(B.23) — / d 3 ai (curia)* dx = — / (curl a) 3 (curia)! dx — / c^ar* 1 (curia)* dx 

Jn t Jn t Jn t 



- / did 3 (curia)* dx = — / NioP (curia)' -dS(x) + / a 3 di (curl a)* dx. 
Jn t Jan t Jn t 

/ oPdi (curia)* dx = a 3 di [d l aj — dja 1 "] dx 
Jn t ' Jn t 



and 
(B.24) 

Moreover, 

(B.25) 

(B.26) =(a,Aa)n t - I a 3 d % d ja l dx 

Jn t 

(B.27) =(a,Aa)n t - [ a 3 N j d i a i dS{x)+l [divafdz. 

Jd(it Jn t 

From (|B.27|) we see that 

(B.28) -2(a,Aa) nt =2 [divafdx- (curl a)? (curl at dx 

J fit Jn t 

(B.29) -2 [ a • ATdiv adS(x) + [ (a t N 3 - N t a j ) (curia)* dS{x). 

The boundary terms from (|B.20|) and (|B.28[) are 

(B.30) / a l N J d 3 a t dS{x) - j a ■ Ndiv adS{x) + ]- [ (anN* - NiO>) (curia)*- dS(x). 

The second term in (|B.30[) can be manipulated using Q: On dflt, a = a ■ NN + Qa and therefore 

(B.31) - a ■ iVdiva = -(diN^a ■ N] 2 - a ■ NV N [a ■ N] - a ■ NNiVtf&a] - a • iW Ql [Q*a] 

where Vjv = N %. In the above, -a ■ AWiVjvKTa] = -[a ■ N] 2 N i V N [Q i3 ]N J - a ■ NNiV N [Q l3 ]Q 3 a. And the 
third term from (IB.30j) we manipulate as follows: 

(B.32) ^(cuN* - N i0 P) (curia)* = ^{a t N 3 - N,a 3 {d l a 3 - d,a 1 )) 

(B.33) = - [aiN^'d^j - a i N 3 d j a l - N^d^j + N^dja 1 } 

(B.34) = <\,X J <)'<\ , <>,\ '<),<>'. 

The second term in (|B.34j) cancels the first term in (|B.30[) . The first term in (|B.34j) we deal with as follows: 
(B.35) ■<)'» , = ai d l [a ■ N] - a^j^N 3 ) = a ■ NV N [a ■ N] + Q.aV^a • AT] - a.a^cW). 



B HODGE-DECOMPOSITION INEQUALITIES. 

The first term in (|B.35|1 cancels the second term in (|B.31|) . The remaining terms therefore are 
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(B.36) 
(B.37) 



d(l t 



-(d t N r )[a ■ N} 2 - [a ■ N] 2 Ni\7 N [Q i3 )Nj - a ■ NN i 'V N [Q ij ]Qja] dS{x) 
-a ■ NV Ql [Q l a] + Q t -aV^[a • N] - a.a^N^} dS(x). 



To get the lower order terms into the form we want, we use the fact that we can trade normal and tangential 
boundary components: Define Ty = 2a{Ctj — <5y(a /c )(«&). Then 



\\a ■ N\\l H <m t) ~ \\a ■ Q\\h(on t: 



[N l N' 3 ai a 3 - Q' J n,n, dS(x) 



[2N l N j - S lj ] [a iaj ]dS{x) 



* E 

fe=i 

fi 

* E 

fc=i 



( k N l Ni nj dS(x) 



dSl t 



u k nn t 



E 

k=l 



(kW&Tijdx 



u k nn t 



Now 



d l nj = 2divaa J + 2a i {d i a j ) - (9 J a fe )(a fe ) - (a fe )(<9.,a fe ) 

= 2divaay + 2a i (<9 i a J -) + (-(a i a jfe )(a A! ) + (a fc a,-) - {d k aj)(a k ) 
+ (-(a k )(d 3 a k ) + (a k )(d k ai)) - (a k )(d k a^). 



Thus, 
(B.38) 



a ■ N \\u>{dn t ) - \\ a ■ Q\\v>(en t ) < \\ X \U [Il"lli2(n t ) + H divQ! llL2(r2 t ) + l|curla|| L 2 (f2t) 
Hence all the lower order terms in (|B.36j) can be controlled by 

II" • N \\l^aa t ) + l|a|li=(n t ) + \\ A ^ a \\l^(n t ) + l] cur Mli*(n t ) 

or 

(B.39) \\a ■ Q\\ 2 L 2 {dnt) + \\a\\l HQt) + ||diva||£ S(n0 + ||curla||| a(flt) . 

To control the fourth term in (|B.36j) we use lemma IA.1I 



(B.40) 
(B.41) 



dQ t 



a ■ NV Qi [Q l a]dS{x) = a- Ncd e [Q l a]dS{x) 



^ii°-*ii*W |a - g|l *w 



By using the fact that ab < ea 2 + ^- and the trace theorem we see that the fourth term in (|B.36[) can be 
controlled by both 



:\Ht [lla • N W H i(on t ) + IHI + ll div "ll^(o t ) + ||curlar||^ 2(0t) J + e||a:||2||a||ffi(n,) 



and 



-\\x 

e 



'I' [H a ' Q hi(an t ) + H Q lli 2 (o t ) + W^ a \\h(n t ) + l|curla||| 2(f70 J + e\\x\\ 2 \\a\\ 2 H1(nt) . 
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The fifth term in (|B.36[) can be controlled similarly. This proves (|B.18[) and (|B. 19|) for s — 1 . We now prove the 
estimate in terms of a ■ N, with the estimate in terms of a ■ Q following similarly. 

Suppose that 2 < s < 3 and that we have the result for smaller s. Using lemma [B.21 we have 



(B.42) 

2 _ II 1 1 2 , nv7 1 1 2 

l («t) 



W\ 2 H*(n t ) = IHli 2( n t ) + ll Va ll^-i(n t ) 



(B.43) <P[\\x\\ 5 ] 



MU 2 (o t ) + l|Va|| L 2 (0t) + ||curla|| H3 -i (fit ) + ||diva|| H a-i (fit ) + \\d l Wa\\ L 2 (nt) 



where d denotes both dg and 77V. Then 

(B.44) d^Va - Vd^a = ^(V J+1 a;)(V J+1 a) 

where the sum is over i + j = s — 1 such that j < s — 2. The commutator in (|B.44|) can be controlled by 
|x||5||a||# s -i(Q t ). Using the above computation for the case s = lwe have 

(B.45) 

llVc^all^no < P[[[s|| B ] [\\d'- 1 a\\^ at) + W&vd^ah^ + {{cuvld^ah^ + \\{d'- 1 a) ■ N\\ H ± (dnt) } 
(BAG) < P[\\x\\ s ] [\\a\\ H ,- im + ||diva|| Hi - 1(nt) + ||curlajj H ,- 1(0t) + M^a) ■ N\\ Hi(ga J. 

Now suppose that s = 4. Then we control the commutator in (|B .44|) as follows: For < i < 2 we estimate this 
term as above. For i = 3 we have j = and we can control the commutator by 1 1 a? 1 1 4 1 1 ck 1 1 f o £ ) - The case for 
s = 5 follows similarly. Using corollarv lA.3l we see that 

Let a have tangential Fourier expansion ^a.ke lke . Then d^^a? = ^(ik) 8 ' 1 oP k e lke and (d$)i dg -1 ^ — 
J2(k)Hik) s ^ 1 ale lke . Therefore ((d e )i d^ 1 a) ■ N = (i*)' -1 *** ■ Ne lke . Thus 

(B.47) Wdde^dr'a) ■ Nf L2(dQt) = ^fc 2 ^ \a k ■ N\\ 

Also, {{d 6 ) s -?a) ■ N = J2{k) s ~^ot k ■ Ne lke . Thus 

(B.48) \\({de) s ^a) ■ Nf L2{9Qt) = 5>} 2 ^K • Af. 

Thus Wddg^d^a) ■ N\\„ {Kh) < \\((de) s -ia) ■ N\\ L 

2 (dn t )- By interpolation we now obtain the result for 
non- integer s. This concludes the proof. ■ 
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